Universal bundle and classifying space
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We shall consider numerable coverings, that is, locally finite numerable coverings {U; }$2,

such that there exists a partition of unity {u;}$°, with:
0<u; <1, wu;'(0,1)) CcU;, Vi

Notice, for instance, that any paracompact space has a numerable covering.
A fiber bundle over B is said to be numerable if there exists a numerable covering of
B which makes it locally trivial. In this note, all the fiber bundles will be assumed to be

numerable, even if I forget to mention it explicitly.

ZEX 1 (Principal G-bundle) Let p: E — B be a (G,F)-bundle, F is the fiber, G is the
structure group, if F = G and satisfying the following properties.

(1) The total space E has a free, fiberwise right G action.
(2) The induced action on fibers is free and transitive.

(3) There exist local trivializations
Y :UxG—p H(U)
that are equivariant.
U(x,9)h = 1)(x, gh)
we say p: E — B is a principal G-bundle.

EX 2 (Pull-back bundle) Let p : E — B be a fiber bundle, and let f : B’ — B be a

continuous map, define the pull-back bundle over B’ as follows:
[ (E)={e) : f(t) =p(e)}

F(B)- - »E
p’: lp
B

Y
B !




@l 1 Let p: E — B be a fiber bundle, then the pull-back bundle f*(E) is a fiber bundle
with the same fiber. Moreover, if p : E — B is a principle G-bundle, then f*(E) is a

principle G-bundle as well.

WEBA Let ¢, : U, x G — p~!(U,) be local trivializations of the bundle p : E — B, for
p' : f*E — B, we define

Got fTUX G — p 7 (f70)
(b, g) — (' 0a(f(V), 9))

then ¢/, are local trivializations of the bundle p’ : f*E — B’ and if ¢, (x, g)h = va(z, gh),

we have
/ fiberwise
oo (b, 9)h = (V0 (f(V), 9))h === (V', pa(f (1), 9)h)
= (', 0a(f(V'),gh)) = ¢, (V', gh)
sop': f*E — B’ is a principle G-bundle. O

EI2 1 Let p: E — B be a principle G-bundle, and let fo : X — B and f, : X — B be

homotopic maps. Then the pull - back bundles are isomorphic,

fo(E) = f(E)

The main step in the proof of this theorem is the basic Covering Homotopy Theorem

for fiber bundles which we now state.

5|32 1 (Covering Homotopy Theorem) Let p: E — B and q: Z — Y be fiber bundles

with the same fiber F, where B is normal and locally compact. Let hy be a bundle map

ho

EFE——s7
Pl lq
ho
B——Y

Let H: Bx1 —Y be a homotopy of ho ( i.e. ho = H|pxoy ). Then there exists a covering
of the homotopy H by a bundle map



Proof of the theorem 1. Letp: E — B, and fo; X — B and f; : X — B be as in the
statement of the theorem. Let H : X x I — B be a homotopy with Hy = fy and H; = fi.
Since there is a bundle map
[iE——E
S
x—'.pB

so by the covering homotopy theorem there is a covering of the homotopy H

RExI T —p

XxI-2 .pB

It’s a bundle morphism with the same fiber F', so (by Lemma 2) there is a bundle isomor-
phism between fiE x I and H*E

fiEx]I—>H'E-—->E

|
T

\
XxI—>XxI-L>~B

We know H; = fi, so restricting this isomorphism to X x {1}, we have fiFE = f;E. O
5|38 2 Let By — By and Ey — By be two (G,F)-bundles. Any morphism

E2i>E1

L,

BQHBl

induces an isomorphism g’ : Eo — f*E}.

HUEBA We define the map ¢’ : Fy — f*E; as es — (p(ea),g(e2)), then ¢’ is a bundle
morphism. It’s easy to check that ¢’ is injective: if ¢’(e) = ¢'(¢’), then p(e) = p(e’) and
gle) =g(€) ,s0 e =x-e for some x € G. Then we have g(e) = g(z - €), one sees that x =
1.(Since g is a isomorphism in each fiber.) Moreover ¢’ is surjective as well: for some by € By,
we know if restrict the three bundles f*E;, Fy and Ey on by, by and f(bs) respectively, they
are isomorphic. So for some (by,e1) € f*E;, we have some e’ € Ey, p(e’) = by, and we know
exist some x € G, g(z -€') = e;. Then we have x - ¢/ € Ey, ¢ (ze’) = (p(ze'),g(ze’)) =
(ba,e1). O

We try now to construct a principal G-bundle which is universal. In other words, we
want a bundle £ — B such that any principal G-bundle is induced by a map B — B. More

precisely, we define the universal bundles as follows.



ZEX 3 (Universal bundles) A numerable principal G-bundle & — B is called universal,
if
(1) For any numerable principal G-bundle E — B, there exists a map f : B — B such

that E is isomorphic to f*&.
(2) Two maps f,g: B — B induce isomorphic bundles if and only if they are homotopic.

7 A principal G-bundle £& — B is called universal if the pull back construction
p:[B,B] = Pring(B)

is a bijection for every space B. Here [B, B] is the set of the whole homotopic classes, and
Pring(B) is the set of the whole isomorphic classes of principal G-bundles over B. The two
conditions in the definition guarantee that this map is well-defined and bijective. £ and B
are called the universal bundle and classifying space of G respectively, one can denote them
as FG and BG sometimes.

The main goal of this note is to prove that universal bundles exist for every group G,
and that the classifying spaces are unique up to homotopy type. Milnor has given a very
beautiful (and, furthermore, explicit) construction of universal bundles, called the Milnor
join.

EX 4 (Milnor join) Let G be a group and consider the join
Gt = GxGx-- - xG=G"T x A"/ ~
Here G"™ x A" = {(zg, to; 21, t1;+ ;Tn, tn)|z; € Gyt €[0,1],>¢; = 1} and

(xz,t) ~ (', t') <= t=1 and x; =z} (when t; =t, #0)

We shall write (z,,to;- - ; Zn, tn) for the equivalence class of the element under consid-
eration. The limit

J(G) = lim G**+D

n—roo

is defined by the inclusion maps G**1) — G*("+2) Any element in J(G) will thus be
written (z,,to; -« ;Tpn,tn; ) or for brevity (x,t¢). Notice that, for any element of J(G),
all the t;’s, except a finite number, are zero. We endow this set with the least expensive

topology such that all the maps

t;: J(G) — [0,1]

<x07t0; e ,I‘n,tn> i tl



and
t:'(0,1]) — G
<xoat0;' o ,mnatn> — Z;

are continuous.
Notice that the group G acts on G*"*1) and J(G) by

g-(z,t) = (gx,1)
which is clearly free actions. So we get a principal G-bundle
p:J(G) — J(G)/G
Since G does not act on the coordinate ¢;, there is also a continuous map
i J(@))G —[0,1]

It turns out that the open subsets V; = 5_1(]0,1]) constitute a numerable covering of
J(G)/G and that the principal bundle J(G) — J(G)/G is trivialized on these open sets.

We shall now explain (without too much proof) that the principal bundle J(G) —
J(G)/G were made to be universal.

L 2 For any numerable principal G-bundle, E over B, there exists a map f : B —

J(G)/G such that f*J(G) is isomorphic with E.

JUEAR  We construct two maps f and g such that the diagram

T Z-=J(G)
B-'-70)G

commutes. For that, we use a partition of unity {u,} on B such that E, -1, ) is trivial.

Put U, = u;'(]0,1]), let
hn

Un x G E|U

NS

Un

n

be a local trivialization, and call ¢, the projection U, x G — G. The map g we want to

define is simply

9(2) = (aoho ™ (2), uo(P(2)); -+ 5 qnhyy (2), un(p(2)); - )



This is better defined than one might think: of course, h;1(z) is defined only for z € p~*(U,,),
but, if this is not the case, u,(p(z)) = 0.
Now g is a bundle morphism, we know E = f*7(G) by Lemma 2. g

It is slightly more technical, but not much more difficult, to prove that the Milnor join

is indeed universal. We need the next proposition.

Wl 3 Let f: X — J(G)/G and g : X — J(G)/G be continuous maps, and there is an
bundle isomorphism

o: f*TIG)— g T(G)

then f and g are homotopic.

We have now find a universal principal G-bundle J(G) — J(G)/G for every group G.

Moreover , we will see it’s unique in the meaning of homotopy equivalence.

EIE 2 Let By — By and Ey — By be universal principal G - bundles. Then there is a

bundle map

Ez*f>E1

Bz*f>Bl

so that f is a homotopy equivalence.

JERA  Since E, — B, is universal, so for principal G-bundle E; — By, there is a “clas-
sifying map” ¢ : By — B, and an isomorphism F; = g*F,. Similarly, using the universal
property of Fy — B, we get a "classifying map” f : By — B; and an isomorphism
E, = f*Ey. So Ey = f(Ey) = f*(9"(E2)) = (go f)*Es, that is id*Ey = (g o f)*Es, so
(go f) ~idg,. Similarly, (f o g) ~ idg,, so f is a homotopy equivalence. O

We now denote J(G) as EG, J(G)/G as BG. In the same mood, one proves the

following useful result.

MR 4 Let E — B be any numerable principal G-bundle such that the total space E is

contractible, then this is a universal principal G-bundle.

We just admit the general fact that the spaces J(G) we have described are indeed

contractible.



